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Let S be a projective normal surface defined over the field C of complex 
numbers. We say that S is a log de1 Pezzo surface provided S has only 
quotient singularities and the anticanonical divisor -X, is ample. Note 
that if S has only quotient singularities, a multiple XA of every Weil 
divisor A on S becomes a Cartier divisor for some integer N determined by 
S and hence the intersection theory of Weil divisors is available (cf. 
Miyanishi and Tsunoda [S]). The rank of S is the Picard rank p(S) = 
dimo Pit(S) @ Q. Moreover, S is Gorenstein, i.e., K, is a Cartier divisor, if 
and only if S has only rational double points provided S is a log de1 Pezzo 
surface. 
Let p: Y-+ S be the minimal resolution of singularities and let D be the 
exceptional ocus, which we identify with an effective reduced divisor with 
support D. According to the terminology of [8], a pair (V, D) is a log del 
Pezzo surface of rank one with contractible boundary iff S is a log dei 
Pezzo surface of rank one in the above sense. 
En the present article, we are mainly interested in the case where S is a 
Gorenstein log de1 Pezzo surface. As for the construction of such a surface, 
Demazure [j] has shown the existence of a birational morphism 
G: V+ P*, unless S is P’ x P’ or a quadric cone, which is a composite of at 
most 8 blowing-ups (cf. Hidaka and Watanabe [7]). They have also shown 
that 1 --I&I admits a smooth member. On the other hand, Brenton [3] 
and Bindschadler and Brenton [2] observed topological properties of S 
and Gorenstein compactification of C*. Though the subject treated in the 
present article is related to theirs, our approach is more algebro-geometric 
and different from their topological ones. We shall prove that: 
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If there are no ( - 1) curves contained in the smooth locus 
So := S- Sing(S), S is a Gorenstein compactfication of C’ if and only ifSo 
is simply connected. 
Suppose now that S is a Gorenstein log de1 Pezzo surface of rank one. 
We exclude a trivial case S=P2. We compute explicitly the fundamental 
group rc,(S’) as well as the group H2(So; Z)/H*(S; Z), the latter being 
identified with the divisor class group modulo line bundles, U(S)/Pic(S). 
The group Pit(S) is always isomorphic to Z and generated by the 
canonical divisor class [KS] except when S is a quadric cone. The com- 
putation of 7cr( So) allows us to define the “universal covering” 3 of S to be 
the normalization of S in the function field of the universal covering .!?” of 
So. The surface ,$ is again a Gorenstein log de1 Pezzo surface, not 
necessarily of rank one. We prove that S is not isomorphic to P2/G for a 
suitable, finite subgroup G of PGL(2) if So is not simply connected and 3 
has Picard rank greater than one, thus negating the conjecture proposed by 
the first author [9]. 
Finally we note that a log de1 Pezzo surface of rank 1 as defined above 
appears in Mori’s theory of extremal rays as an irreducible divisor on a 
threefold spanned by curves belonging to the same extremal ray. 
Throughout the article we employ the standard terminology. A non- 
singular rational curve on a smooth surface is called a ( -n) curve provided 
the self-intersection umber is -n. 
1. PRELIMINARIES 
We shall begin with 
LEMMA 1 (cf. [Z]). Let S be a projectice rational surface with only 
quotient singularities. Then S is a log de1 Pezzo surface of rank one if and 
only if H,(S; Z) = 0 and b2(S) := rank H2(S; Z) = 1 and Kodaira dimension 
K(SO) of So := S-Sing(S) is - x,. Under these equivalent conditions, 
H*(S; Z) is isomorphic to Z. 
Proof. Suppose that S is a log de1 Pezzo surface of rank one. Let C be 
the set of singular points. Employing the same notations as in the Introduc- 
tion, we have an exact, commutative diagram, 
. ..- H,(D;Z)- Hi(V;Z)- Hi(V,D;Z)- Hip,(D;Z)t . . . 
I 2, I 8, I 7, 1 X,-I 
. ..- H,(sE;Z)-H,(S;Z)- H,(S,E;Z)+ Hip,(C;Z)- ... 
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where ;)i is an isomorphism for every i. Noting that x0 is an isomorphism, 
Hi(z; Z j = (0) for i> 0 and H,(D; Z) = (0): we conclude that pi is an 
isomorphism. Since V is a smooth rational surface: we have H,( V; Zj = (O), 
hence H,(S; Z) = (0). On the other hand, the Chern class mapping c in an 
exact sequence 
fiys: 0,) - H’(S, 04) --L W(S; Z) - W(S, 0,) 
is an isomorphism because H’(S, 0,) = (0) (i = 1,2 j by the hypotheses that 
S is rational and S has only rational singularities. Hence b2(Sj = I. The last 
condition K(So) = - zc follows from the definition of S being a log del 
Pezzo surface (cf. [8]). 
Suppose now that H,(S; Z) = (0) and b2(S) = 1. Proceeding as in j3; 
Prop. 41: we know that H3( V; Z) = (0) and H’(S, 05) z H’fS; Z) E Z. Let 
KIz and K, be the canonical divisors of V and SF respectively. By the 
hypothesis, NK, is a Cartier divisor for a positive integer N. We have 
XK,, - p*(XKs) + Ca,Ci. 
where Cj moves over the irreducible components of D. Since the inter- 
section matrix of D is negative definite and (K,,, Cjj >O for every I, we 
conclude that ai<0 for every i. With the notations in [S], we have 
-zaiC’, + ?YK, = N(D I + K,). Then the hypothesis rc(S’) = - ,X implies 
\flXK,-.21naiCjI =d for integers n >O with na,EZ. So, jnXKs[ ==d for fz 
as above and -K, should be ample. Namely, S is a log de1 Pezzo surface 
of rank one. The last assertion was proved in the course of the proof. 
QED. 
LEMM.4 2. Let S be a projectice rationai surface with only rationai 
singularities. We employ the same notations V, D, Z: as aboce. Let Cl(S) be 
the dicisor class group of S. Then !t:e have the following exact sequences: 
(lj O+Pic(S)+Pic(V)~HZ(D;Z)-+H,(So;Z)-+O. 
(2) O+H,(D;Z)+Pic(V)+CI(S)+O and CZ(S)zHH’(So;Z). 
(3) O-+CI(S)/Pic(S)-+H’(D;Z)/H~(D;Z)+H:(S”;Zj+O. 
Proof. (1) We have an exact, commutative diagram 
H’(Q zj + H’( v, D; Z) + H2( v; Z) --+ H’(D:Z)+ H3(VT D;Z)- H’(D:Zj 
H’(L; Z) - H’(S, .E; Z) - H’(S; Z) - H2(L; Z) - ... 
where H’(E; Z) = (0) for i>O and H’(D; Z) = (0) because D consists of 
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trees of nonsingular rational curves. Furthermore, H’(S; 0;) r H*(S; Z) as 
in the proof of Lemma 1, and H’( V; Z) z H’( V; 0:). By the Lefschetz 
duality, we have H3( I’$ D; Z) 2 N,( V- D; Z)? H,(S’; Z). From these 
data, we obtain an exact sequence 
0- Pit(S)- Pit(V)- H'(D; Z)--+ H,(S'; Z)- 0. 
In particlar, the homomorphism 7 is the restriction mapping. 
(2) We have an exact sequence of homology groups, 
H3(V. D;Z)- H,(D;Z)L Hz(V;Z)- H2(V,D;Z)- H,(D; Z), 
where H,(D; Z) = (0) because D consists of trees of nonsingular rational 
curves. If D = C, + . . . + C,. is the irreducible decomposition, H2(D, Z) is a 
free Z-module generated by the classes [ Ci] (1 < i < I) and p sends [ Ci] to 
the Chern class of O,(Ci) if H,( I’; Z) is identified with H’( V; Z) via the 
Poincare duality. Since D is contractible to a point the classes of 0 JCi) 
(1 d i < y j in H2( V; Z) are independent. Hence /I is injective. Therefore we 
have an exact sequence 
0 --+ Nz(D; Z) 4 Pic( V) - H2(So; Z) - 0. 
Apparently, the coker(b) is identified with C/(S). Hence we verified the 
second assertion. 
(3) As in the proof of (1 ), we have an exact sequence 
and H,(D; Z) is a subgroup of H*( I’: Z) via the injective homomorphism 
/I: H,(D; Z) + H*( V; Z) which is described in (2) above. Apparently, 
H’(S; Z) n H,(D; Z) = (0). Hence we obtain an exact sequence 
O- CI(S)/Pic(S)- H*(D;Z)lH,(D;Z)--+ H,(S';Z)- 0. 
Q.E.D. 
Before stating the next result, we explain our terminology. Let S be a 
projective, normal surface with only rational double point as singularities. 
As usual, rational double points are indicated by their Dynkin types 
A,, D,, E6, E,, and E,. When we say S a surface of type 3A, +D4 for 
example, this means that S has 4 singular points, one of which is of type D, 
and other three are of type A,. We indicate this by writing S(3A, + D4). 
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LEMX~ 3 (cf. [ 10, 111). Let S be a Gorenstein log del Fezzo surface of 
rank one. Then its singularity type is one of the foliowing: 
-4,,A,+A,,A,,2A,+A;,D,,A;+-45,3A,,E,, 
3A, + D,, A:, A, + D,, ET, A, + 2A,, A2 + A,, D,, 
2A,+D,,E,,A:+E,,.4,+A?,2’q4,A8,A:$AZ+A5, 
A2 + E,* A, + Dj, 4A,, 2A, + 2A;, 20,. 
Moreover, the minimal resolution I’ of S is obtained,from a Hirzebruch sur- 
face Z, of degree 2 by a sequence oJr blowing-ups. In ihe subsequent figures, 
we indicate the configurations of D only in the cases where the dual graph of 
D is a Dynkin graph with 8 certices. In the Figs. ! and 1’ the solid lines and 
the broken lines stand for nonsingular rational curce s with self-intersection 
numbers - 2 and - 1, respectit;elJ!. ( We call them ( - 2) curl;es and ( - I ) 
curces, etc.) Each configuration has a P’-fibration (written vertically) and all 
singular fibers are giaen in the figures. In the figures 2A,, -4 I + -4? + AZ1 
A, + E,. A, t D5, 4A, and 2.4, + 2A,. one of (-2) cusses is a Z-section of 
the P’:fibration. 
Proot As for the result that all possible singularities on S are exhausted 
by the listed ones, one can also refer to Furushima [S]. In [lo], the 
second assertion is proved by means of the modified Mori theory as 
developed in [S]. Here we indicate another method to prove the second 
assertion. Note first that I - K,l contains a smooth member C. By 
the RiemannRoch theorem, we easily compute dim H’(S, 0 JC)) = 
dim H’(V$ O.(p*C))=(Ki)+ 1. Indentifying ip*C! with /Cl: we consider 
1 C 1 as a linear system on V. Since C n Supp( D) = 4, every connected com- 
ponent is contained in a reducible member of 1 Cl. To exhibit the idea, we 
consider only the case (K?.) = 1. Then dim 1 C / = 1. Hence !Cl has a unique 
base point P. Let Z be a reducible member of ICI containing a connected 
component Do of D. Since p(S) = 1, Z - Do consists of a singIe irreducible 
component E. It is then easy to see that E is a ( - 1) curve passing through 
P and, after blowing up the point P, the proper transform E’ of E together 
with D, forms a singular fiber of a relatively minimal elliptic fibration given 
by IC 1. For example, in the case S(E,), the dotted line in the configuration 
is the above ( - 1) curve E, because only E’ can have the coefficient 1 in the 
singular filler. Once the location of such a (- 1) curve is detected, one can 
easily find the desired P’-libration. The other cases are treated in similar 
fashions. Q.E.D. 
Some of related results are also found in [ 12-151. 
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2. THE UNIVERSAL COVERING OF S 
As in the previous section, S is a Gorenstein log de1 Pezzo surface 
defined over C, and So := S- ,Y is the smooth locus of S. A finite 
morphism f: T-+ S from a normal projective surface T to S is called an 
unramified covering of S if f” : To -+ So is unramified, where To :=f-‘(S”j 
and f’=fle. This definition accords with the one in Artin [I]. If 
T- Sing(T) is simply connected, which is equivalent to saying that Tc 
above is simply connected, we say that T is a universal covering of S. By 
Zariski’s Main Theorem, a universal covering of S is determined uniquely 
up to isomorphisms if it exists, so we denote it by rc: ,$ + S. Now we hav~e 
the following: 
L.EMMA 4. Let j-1 T + S be an unranz$ed coz:ering of a Gorerzstein log de1 
Pezzo stirface S. Then: 
( 1) T is a Gorenstein log de1 Pezzo surface. 
(2) If So := S - Sing(S) is affine-ruled, i.e., So contains an open set 
isomorphic to Z x A’, Z being an affine curce, so is To := f -‘(SO). 
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Proof: (1) By virtue of [l, Prop. 1.41, T has only rational double 
points as singularities. So, T is Gorenstein. Since T- To consists of finitely 
many points and since f”: To + So is an &tale covering, we have 
K,- f *KS. Hence -K, is ample because so is -K,. Thus T is a 
Gorenstein log de1 Pezzo surface. 
(2 j Suppose S contains an open set U of the form Zx A’. Then 
f-‘(U) is of the form Z’x A’ and f, restricted on f-‘(U), is of the form 
I$ x id,;, where CJ :Z’ -+ Z is an etale covering. Hence To is afline-ruled. 
Q.E.D. 
We do not know whether or not the universal covering s of S is 
algebraic; i.e., rrr,(So) is a finite group. However, the algebraic fundamental 
group $‘g(SO) is a finite group. This follows from the following: 
LEMMA 5. Let f: T -+ S be the same as in Lemma 4. Let d = deg f, let 
4: T--+ T be the minimal resolution of the singularity of T: and let r be the 
number of irreducible components in the exceptional locus of 4. Then we hate 
p(T) + r + d( Ki) = 10, 
where p(T) is the Picard rank of T and (Ki) > 0. 
Proof. Since F is a nonsingular rational surface; we have p(T)+ 
(Kg) = 10. Note that p(T) = p(T) + r and (KS) = (K’,) = d(Ki). Hence we 
obtain the said formula. Q.E.D. 
Suppose p(S) = 1. By Lemma 1, then Pic( S) 2 H2(S; Z) 2 Z. Let L be an 
ample generator of Pit(S). Then - Ks h eL with a positive integer e. We 
call e the index of S. The following is a crucial result in the present article, 
though it is quite computational. 
LEhmA 6. Let S be a Gorenstein, singular, log de1 Pezzo surface of rank 
one, let So be the smooth locus of S and let 71: 3 + S be the unitiersal 
covering of S tf it exists. Then the following assertions hold 
( 1) The index of S is 1 unless S is S( A L ), and the index of S( A 1 ) is 2. 
(2) 7c,(S”) is a finite group. Hence 7t: 5 + S exists. Moreover, n,(S’) 
is an abelian group and hence nl(So)z H,(S’; Z) 2 H3( V, D; Z), where 
p : V -+ S is the minimal resolution of the singularity of S and D is the excep- 
tional locus of p. 
(3) We hate Table I. 
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TABLE I 
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Dynkin 
type of s 
.4 j 
‘4 , + A : 
A-14 
2.~; +.4j 
Dj 
A,+A< 
?A, 
& 
3.4! + D, 
.4 i 
A,+D: 
ET 
.4!+2A; 
A2 - A, 
4 
2.4, + D6 
E, 
Ai+E? 
A! -.4: 
2.4, 
A8 
A,+A2c.4, 
AzfE, 
Ax-D: 
4A2 
2A,+2.4: 
20, 
rr,i.SO) 
0 
0 
0 
z 2z 
0 
Z!2Z 
z,3z 
0 
(z:2zp2 
Z,'2Z 
z:'2z 
0 
z/42 
z:3z 
z:2z 
(Z ‘2Zj32 
0 
z, 2z 
(Z,‘2Z)S2 
z ‘SZ 
z.‘3z 
Z.‘SZ 
- 
Z,‘3Z 
z:4z 
(Z’3Z)B’ 
Z,2Z@Z,4Z 
(Z: 2Z)“Z 
Cl(S),‘Pic(Sb 
Z,‘ZZ 
2:‘6Z 
Z.‘jZ 
z,:4z @ zj2z 
z:4z 
262 
(Z/32)9’ 
Z,‘3Z 
(Z:22)“3 
Z,4Z 
(Z,‘2Z)B1 
z:zz 
Z,‘4Z @ z:2z 
2’62 
Z,‘2Z 
cz, 2Z)S” 
0 
Z,‘ZZ 
2142 
Z ‘5Z 
Z,‘3Z 
Z,6Z 
z/32 
Z(4Z 
(z,:3z!e1 
z;2z @ zgz 
(z,‘2zjs2 
p(S) Sing. of s 
2 
I 
1 
1 
3 
2 
i 
2 
; 
3 
2 
C ., 
5 
5 
4 
S=S 
S=S 
s=s 
s=s~,.41j 
s=s 
A2 
z=p2 
S=S 
S=S(A!) 
A' 
Da 
3;s 
s=p;xp’ 
Al 
D5 
s= s1.4;)- 
.q=s 
E(’ 
‘4: 
A smooth de1 PEUO 
surface of degree 5 
A1 
A smooth del Pezzo 
stirface of degree 0 
94 
‘42 
S=p’ 
s=si.4 +2A,i- ! 
2AJ 
Proof We verify the above assertions by checking each case separately. 
To exhibit our arguments, we treat only the case S(2A! + 24,). The other 
cases are treated similarly. As given in Fig. 1, the exceptional locus D 
of p: I;+ S= S(2A, + 2A3) appears in Fig. 2, where a linear pencil, 
ii’ + E, f 2E, 1 defines the vertical Pi-frbration and M’, I’, m’, and n’ are 
the proper transforms of the minimal section M and three fibers I, m, n on 
the Hirzebruch surface Cz. Hence we have linear equivalences, 
!‘+E,+2E,.-m’+F!+2F,-n’+G,+G,tG,, 
(i, a\ 
2M+41.~B+E,+2E2+F,+2F2+2G,$-3G2+4G3. 
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FIGURE 2 
On the other hand, it is easy to see that the image of Pit S in Pit I’ is 
generated by an irreducible smooth curve C such that Cn Supp D = q5 and 
2M+41-C+E,+2E,+F,+2F,+Gl+2G,+3G,. 
Let E,=p(E,), fi’= p(n’), FZ = p(F& G, = p(G,), and C=p(C). Then 
C/(S) = Z[,!?,] + Z[n’] + Z[F2] + Z[G,] with relations 21, - 2FZ - 
fi’ + G, and 4E2 - 4G,, and Pit(S) = Z[ C] with C .- 4E, - 3G,. Therefore, 
CZ(S)/Pic(S) z Z/42 0 Z/2Z. On the other hand, if D = D, + ... + D, is 
the decomposition into connected components, H2(D; Z):H,(D; Z) 2 
@;=i H2(Di; Z)lH,(D,; Z), and H2(D,; Z)/H,(D,; Z) z Z/(n + l)Z, 
(Z/22)@2, z/42, z/32, zj2z, ( ) 0 according to Di=A,, D, (n: even): 
D,(n: odd), E6, E,, and Es, respectively. Hence, for S(2A, +2A,), 
H2(D; Z)lH,(D; Z) = (Z/2Z)s2 @ (Z/4Z)“‘. By Lemma 2(3), we know 
that H,(S’; Z) &‘Z/22@2/42. We shall show that rr,(S’) z Z,izZ@ Z/42. 
By the relation (i) above, there exists a double covering & I’; --+ V with 
branch locus l’+ E, + m’+ F,. The inverse image d-‘(D) on Vi is shown 
in Fig. 3, where d*(B) = B, + B2. In order to consider an unramified cover- 
ing of S, we may contract all solid ( - 1) curves to obtain a smooth surface 
Vi with the configuration shown in Fig. 4. It is easy to see that (Kc,) = 2 
and p( I’,) = 8. Hence the contraction of all solid (-2) curves, tj: V, -+ Si, 
gives a Gorenstein log de1 Pezzo surface S, = S,(A, + 2A,) of rank one. 
Indeed, $ is the minimal resolution of the singularity on S,. Now the 
exceptional locus D, of $ is put into the configuration of singular fibers 
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and cross-sections of a (vertically written) Pi-fibration (see Fig. 5). Now 
arguing in the above fashion, we know that TT!(S~) 2 Z/42 and 
3, 2 P’ x P’. Hence 7rI(So) z Z/22@ Z/42. Q.E.D. 
Suppose p(S) = 1. We say that S is of type I: IT, III, respectively, when 
n,(S’)= (O), 7c,(S”)# (0) and p(s)= 1, and 7c,(S”j# (0) and p(sj> 1. 
FIGURE 4 
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FIGURE 5 
Thus S is of type I if the Dynkin type is A,, A, +A,, ,4,, D5, E,, E,, or 
E,JSisoftypeIIiftheDynkintypeis2A,+A,,3A,,3A,+D,or4A,;S 
is of type III otherwise. 
Now we can state one of our main results. 
THEOREM 1. Let S be a Gorenstein log de1 Pezzo surface of rank one. 
Then the following assertions hold: 
(1) S is of type I if and only if S is a Gorenstein, algebraic compac- 
ttjication of C2 by an irreducible curce at infinity (cf Brenton et al. [4]). 
(2) If,!? is of type II then S is isomorphic to P2/G for a jinite subgroup 
G of PGL(2, C). More precisely, G= Z/42 for S(2A1 + A3), G= Z/32 for 
S(3A,), G = a dihedral group of order 8 for S(3A, + D4) and G = (Z/3Z)@2 
jbr S(dA,). 
(3) rf S is of tJ:pe III, then S is not isomorphic to P2/G for arz)l finite 
subgroup G of PGL(2, C). 
Proof (1) “Only if” part. We consider only the case S(E,); other cases 
are dealt with in a similar way. The exceptional locus D of the minimal 
resolution of the singularity p: V + S is put into the configuration (Fig. 6) 
of a singular fiber and a cross-section of a Pi-fibration (cf. Fig. l), where E 
is a unique ( - 1) curve in the singular fiber. Hence V- D - E z A’ ( = C’) 
and, after the contraction of D, S- C’ = p(E). Thus S is a Gorenstein 
compactification with irreducible boundary. 
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“If” part. The result is due to Brenton et ul. [4, Th. 61. 
(2) For S(3A2) and S(4A,), (K$j=9, p(s)= 1 and 3 is smooth 
by Lemma 5. Hence sz P2 and Sr P2/n,(Soj. For S(2.4 i + 4: j and 
S(3,4, + D4), .q 2 2, (a quadric conej by Lemma 6 or by the above 
argument using Lemma 5. Though 2, z Pi:‘(Z/2Z), this does not imply the 
result straightforwardly. For S(24, + A,), the exceptional ocus D on I/’ is 
put into the configuration of singular fibers and cross-sections of a PI- 
fibration (Fig. 7 j. The contraction 4 of E,, E?, F2, m’, and M’ sends V to 
P’ and the configuration to three lines, as in Fig. 8, where the arrows on a 
FIGURE 5 
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line signify that infinitely near points (as many as the number of arrows) 
on the proper transform(s) of the line should be blown up to regain D. 
Then it is easy to see that two surfaces S, and S, of the type S(2A, + A,) 
are isomorphic to each other. Now let G = Z/442 as embedded into 
PGL(2, C) by 
1 (mod4)w 
where CO is a primitive 4th root of 1. Then P’/G is a Gorenstein log de1 
Pezzo surface of rank one having singularities 2A I + A, (cf. [ 111). Hence 
S(2A, + A,)2 P’/G. Figure 9 shows the case S(3A, + D4) where C$ is the 
FIGURE 9 
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contraction of E,? E2, G,, Gz, F2, m’, and M’. Thus two surfaces of the 
type S(3A, f 04) are isomorphic to each other, and one is obtained as 
P’/G, where G is a dihedral group of order 8 embedded in SL(2, C). Con- 
cerning the uniqueness of the isomorphism classes of surfaces of other 
types, see Lemma 7 below. 
(3) Suppose that there is a finite morphism f: B’ := P2 -+ S. Let 
W” := .f-‘(SO), f" := f 1 rvo, 3” := npl(So), and 71’ :=rc 133. Then 
#:-p-tSO’ 1s the (topological) universal covering of So and W” is simply 
connected. Hence f" splits as f" = no. 0’, where 8’: IV0 --+ 3” is a finite 
morphism. The morphism 8’ apparently extends to a finite morphism 
8: W-+ s so that 0’ = 0 1 ct-o and f = TC .0. Since p( W) = 1 and p(.g) > 1, this 
is a contradiction in view of the projection formula for 9. Q.E.D. 
LEMMA 7. Let S be a Gorenstein log de1 Peso surface of rank one. Then 
S is determined uniquely up to isornorphisms by the Dynkin type of ST escep 
for S(2D,). 
Proof (partly due to M. Koitabashi). We verify the assertion by check- 
ing each Dynkin type seprately. We explain our arguments by picking up 
two typical cases. Consider first the case S(E,). As given in Fig. 1, the 
exceptional ocus D of the minimal resolution p: Y-+ S of the singularity of 
S is seen in Fig. 10. Let 0 be the contraction of all curves in the figure 
except E,. Then c( V) = P*, o(E,) is a line L and other curves contract to a 
point P on L. Choose an inhomogeneous coordinates (1, x, y) so that P is 
(1, 0,O) and the line L is defined by J = 0. Then the configuration in 
Fig. 10 is determined by assigning the coefficients aj (3 6 i< 7) in an 
FIGLXE 10 
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equation J = xi, 3 a$. So, the surface S(E,) corresponds to a datum {P2? 
coordinates (1, x, J), a point P = (1, 0, O), a line L: J = 0, and coefficients ai 
(3<i<7j in J-=X~~~ ~7~x~}. Given two such data, one can easily find a 
projective linear transformation g sending one to the other. This implies 
that two surfaces S, and S, of the same type E, are isomorphic to each 
other. 
In the case S(2A 1 + 2A3), the configuration of the exceptional ocus D on 
V is obtained from the following datum on P2 of three lines, a conic, and 
points (including infinitely near points j to be blown up (see Fig. Ii), where 
the conic C touches I, and I2 at points P, and P,. If such a configuration 
exists, C is uniquely determined by P,, P?, and P, ; the position of P, is 
determined. Given two such configurations on P’, one can easily find a 
unique projective linear transformation mapping one to the other. So, two 
surfaces S, and Sz of type 24 I + 24, are isomorphic to each other. 
The other cases are treated in similar fashions. Q.E.D. 
The assertion (3) in Theorem 1 answers negatively the conjecture that 
every log de1 Pezzo surface of rank one is isomorphic to P2/G with a finite 
subgroup G of PGL(2, C), which was given in [9]. 
Remark. Among surfaces of type 1; S(A,) and S(A, + Al) are written as 
P’/G. In fact, G = Z/22 for S(A i) and G = S, (symmetric group of order 3) 
for .S(zl, + A,). 
FIGURE 11 
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3. CASOXCALLY RAMIFIED COVERINGS 
Let S be a Gorenstein, singular: log de1 Pezzo surface of rank one. Let t’ 
be the largest integer such that v divides KS in Cl(Sj. Let C be a. smooth 
member of ( -KS 1 with C n Sing(S) = d. Write C - YE with E E C/(S). Since 
El so is a Cartier divisor, one can think of a Z/vZ-covering go: X” ---r S” 
ramifying totally over 6, where X0 is smooth. Let X be the normalization 
of S in the function field C(X”) and let g: X+ S be the normalization 
morphism. Then g is a finite covering and go = g / x~. We call g: X + 5’ c 
canonically ramified covering of S. Though it depends on the choice of C. 1 
we denote it by g : S -+ S. 
LEMMA 8. Let the notations atld assumptions be the same as abot:e. Then 
the following assertions hold: 
(1 j 3 is a Gorenstein log de1 Pezro surfice with (K$) = (K’s)/\! aud 
,o(sj -t- Y t (Ki)/v = 10, where r is the number of irreducible components in 
rhe exceptional locus of the minimal resolution of the singularity of s. 
(2 j  We hate Table II. 
Proof: (1) Let P be a singular point of S and let U be an open 
neighborhood of P with U n C = q5 and U n Sing(S) = (P). Then, setting 
TABLE II 
(1y2s) \’ P(S) Sing. Gf 3 
Ai 
2.4,+t13 4 4 3 
Ds 4 4 7 
.4,+-A, 3 3 5 
3‘42 3 3 3 
E6 3 3 5 
3A,fD, 2 2 1 
A 7 2 1 1 
A,+D, 2 2 2 
ET 2 2 3 
.4! + 2.4, 2 2 2 
A,+A, 2 2 3 
other types 1 1 1 
8 
6 6 9 
5 
4 
5 
8 
9 
A SmGGth de1 ?CZZG 
stirface of degree 2 
A smooth dei Pezzo 
surface of degree ! 
A smooth de1 Pezzo 
surface of degree ! 
6A! 
‘Jz 
4A, 
3Az 
D, 
20, 
,$=s 
A, 
E6 
Al +2A3 
3.4; 
S=S 
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U”= U- {P), we easily see that glg-IcG,o,: g-‘(UO)+ U” is an Ctale 
covering. Hence g-‘(U) has at most rational double points by virtue of [ 1, 
Prop. 1.41. Therefore, S has at worst rational double points as signularities. 
On the other hand, K,y~ 5- g”*( -EJ,o). Since ,VE is a Cartier divisor on S 
for some positive integer N, we have NK, - g*( -NE). Hence (K$) = v(E’) 
and (E’) = (K~)/Y’. Thus (Ki) = ($)/v. Since NE is ample on S, -NK, is 
ample on X. This implies that S (=X) is a Gorenstein log de1 Pezzo 
surface. The relation p(S) + I + (Ki)/v = 10 is clear. 
(2) The proof is done by a straightforward computation. We shall 
omit it. Q.E.D. 
4. G~RENSTEIN COMPACTIFICATIONS OF THE AFFINE PLANE 
In the present section, we consider a Gorenstein log de1 Pezzo surface S 
satisfying the property: 
(*) There are no (- 1) curves contained in the smooth locus So. 
We call such S minimal. We apply here the theory of open surfaces 
developed in the work by Miyanishi and Tsunoda [8], especially the 
modified Mori theory. Let S be a (not necessarily minimal) Gorenstein log 
de1 Pezzo surface. Let m(S) be the closed cone of curves considered in the 
space N(S) := Pic(S)& R endowed with the usual metric topology. Since 
-KS is ample, the modified Mori theory implies that E(S) is polyhedral. 
Moreover, let I be an extremal ray and let E be the proper transform p’(l) 
of 1 on V, where p: V-r S is the minimal resolution of the singularity of S 
with the exceptional ocus D. Then one of the following three cases takes 
place: 
(1) The intersection matrix of E + D is negative definite. 
(2) The intersection matrix of E+ D is negative semidelinite, but not 
negative definite. Moreover (I’) = 0. 
(3) P(S) = 1. 
In the Case (1 ), E is a ( - 1) curve. If S is minimal, E meets D. In view of 
the hypothesis that every connected component of D is a (-2) rod or a 
(-2) fork (cf. [8] for the terminology), E meets one and only one (-2) 
rod, say R, at an edge component (see Fig. 12). Let G: V-+ V, be the con- 
traction of E + R and let q: V, + S, be the contraction of a,(D - R). Then 
S, is a Gorenstein log de1 Pezzo surface, and u induces a morphism 
r: S + S, such that r(/) is a smooth point on S, and z induces an 
isomorphism between S- I and S1 - z(l). Since S is minimal, S, is minimal 
as well. 
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FIGURE 12 
In the Case (2): let N be a positive integer such that Xi is a Cartier 
divisor on S. Then, for a sufficiently large integer n, the linear system 
Inp*(N/)I is composed of an irreducible pencil, free from base points, whose 
general members are isomorphic to P’. Let 4: I’-+ P’ be the Pi-fibration 
defined by this linear pencil. Then all irreducible components of D possibly 
except one are contained in singular fibers of 4. If there exists a component, 
say A, of D not contained in singular fibers, A is a cross-section of 4. Since 
there are no ( -a) curves on V with a > 3, a singular fiber of 4 has one of 
the forms shown in Fig. 13. However, the first one does not occur. In fact, 
let E, and E, be two end ( - 1) curves and let Ii = p(E,). Then 
i, $ l2 E R,. [Ii] and (I,, I,) > 0. Since I is extremal, I!: i, E R+[Q. Hence 
(Zi, E2) = 0, which is a contradiction. 
In the Case (3) S is a Gorenstein log de1 Pezo surface of rank one. 
We shall prove the following: 
LEMMA 9. Let S be a minimal Gorenstein log dei Peso surface. With the 
above notations and assumptions, we have: 
(1) In the Case (1) above, Sy is simpiy connected proaided so is S”, 
where So cind Sy are the smooth loci of S and Si, respecticely. 
FWLXE 13 
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(2) In the case (2) abol;e, 4 has at most one singular fiber procided So 
is simply connected. 
ProoJ (1) Let Q := z(E). Then Q is a smooth point of Sy= 
I/,-o,(D-R).Hence7~~(S(i)=n~(S~-~Q))=~~(S~-~).SinceS~-Eis 
an open set of So and z” = z Iso: So -+ Sy is a surjective morphism, we have 
a commutative diagram of surjective mappings, 
7cI(S0) --H 7cI(tq = TLn,(SO - Ej 
\;-;I 
%(SO) 
Hence 7c,(S”) = 7c, (S y). In particular, the stated assertion is verilied. 
(2) Suppose 4 has two or more singular fibers Q1, . . . . @,. Then there 
exists a double covering 8: IV-+ I’ ramified over the components of @i and 
G2 whose (fiber) coefficients are equal to one. Then 8 is unramilied over 
the (- 1) curve components of @i and @?. Namely, 8 induces an &ale 
double covering of So. This contradicts the simply-connectedness 
assumption of So. Q.E.D. 
We need one more result. 
LEMMA 10. Let S be a Gorenstein, singular, log de1 Pezzo surface such 
that So is simply connected, and let p: V + S be the minimal resolution of the 
singularity of S with the exceptional ocus D. Then the following assertions 
hold: 
(1) V has a P’-fibration 4: V + P' such that all irreducible com- 
ponents of D are contained in singular fibers of 4, possibly except one 
component which then becomes a cross-section of 4. 
(2) Any singular fiber of 4 is of type I or II (c-f: Fig. 13), where there 
may not appear any (-2) component in a type I fiber and any (-2) 
component with coefficient 2 in a type IIJber. 
(3) 4 has at most one singular fiber of type II. 
(4) So contains an open set isomorphic to the affine plane. 
ProoJ: If S@ contains (- 1) curves, contract all of them. This process 
preserves the simply-connectedness of So (cf. the proof of Lemma 9). (For 
the verification of the above assertions, see the subsequent arguments.) So, 
we may assume that S is minimal. If p(S) = 1, the existance of a PI- 
fibration 4 follows from Theorem l(l), and the above assertions hold true. 
We proceed by induction on p(S). If p(S) > 1, we have one of the Cases ( 1) 
and (2) treated in Lemma 9. If the Case (1) occurs, pass from S to S, (cf. 
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the notations there). Since p(S,) < p(S), V, (the minimal resolution of the 
singularity of S, j has a P’-fibration q5r : V, + P’ satisfying all the above 
assertions. Then the point Q := o(E-t R) lies on a smooth fiber, say y. Now 
take a PI-fibration q3 = q4r .CT: V--f P’ in which everything remains intact 
except that the fiber ;! is replaced by a type I fiber. If U1 is an open set in 
.Sy isomorphic to A”, let L/’ be an open set of S” obtained from Cii by 
replacing ;’ n CL by Ey, where E, is an edge (- I) component of a*;:; 
which does not meet the cross-section of q5 contained in D if it exists, and 
Ey = Ei -- (a point on adjacent component of c*;‘). Then C’ is isomorphic 
to A’, If the Case (2) occurs then V has a Pi-fibration satisfying all the 
above assertions (cf. the proof of Lemma 9(2 j). Q.E.D. 
Now we are ready to prove one of our main results. 
THEOREM 2. Let S be a Gorenstein log de/ Perzo surjkce. Suppose tha; S 
is either minimal or singular. Then S is a Gorenstein, algebraic compac- 
#cation of the affine plane if and onlMv if the smooth locus S” is simpl:. 
connected. 
ProoJ: “If” part. If S is nonsingular, S is either P’ or P’ x Pin Then the 
assertion is clear. So, vve assume that S is singular. Then the assertion 
follows from Lemma 10. “Only if” part. By the hypothesis, S” contains an 
open set U isomorphic to C’. Then rcn,(So) = (1) in view of the surjection 
x1( cj --H Tl(S(‘). QED 
Remark. Let S be any Gorenstein log de1 Pezzo surface. If one knows 
that rt ,(SG) is finite, the “universal covering” 3 of S is a Gorensrein, 
algebraic compactification of the aftine plane, and since the action of 
n,(S3) is regular on 3, S is written as $:‘rr,(S’). 
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